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Abstract. Let A be a topological space which is not finitely generated and 
CH(A) denote the coreflective hull of A in Top. We construct a generator 
of the coreflective subcategory SCH(A) consisting of all subspaccs of spaces 
from CH(A) which is a prime space and has the same cardinality as A. We 
also show that if A and B are coreflective subcategories of Top such that 
the hereditary coreflective kernel of each of them is the subcategory FG of all 
finitely generated spaces, then the hereditary coreflective kernel of their join 
CH(A U B) is again FG. 
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Introduction 

Let X be a topological space which is not finitely generated and SCH(X) be the 
hereditary coreflective hull of X in the category Top of topological spaces. The aim 
of this paper is to construct a prime space Yx with the same cardinality as X such 
that SCH(X) = CH(Yx) where CR(Y X ) is the coreflective hull of Y x . Obviously, 
if X is finitely generated, then CH(X) = SCH(X). If X is not finitely generated, 
then, using the prime factors of X we can easily construct a prime space Px such 
that SCH(A") = SCH(Px)- Thus, it suffices to restrict our investigation to the case 
of prime spaces. 

For the prime space C(u>o) consisting of a convergent sequence and its limit 
point the problem was studied in [5] , where a countable generator for the category 
SCH(C(cli )) of subsequential spaces was produced. 

Our procedure of constructing a generator Ya of the category SCH(A) (where A 
is a prime space that is not finitely generated) consists of two main steps. In the 
first step, using similar methods as in [5], we produce a set of special prime spaces 
which generates SCH(yl). Then, in the second step, we construct the generator Ya 
of SCH(j4) with the required properties. 

This construction was inspired by the space S u from [2] and in the case A = 
C(cJo) it gives a countable generator for the category of subsequential spaces dif- 
ferent from that one presented in [5]. 

Finally, as an application of some above mentioned results we prove that if A 
and B are coreflective subcategories of Top such that the hereditary coreflective 
kernel of A as well as the hereditary coreflective kernel of B is the category FG of 
finitely generated spaces, then FG is also the hereditary coreflective kernel of their 
join CH(A U B). As a consequence of this result and some results of [9] we obtain 
that the collection of all those coreflective subcategories of Top the hereditary 
coreflective kernel of which is FG and the hereditary coreflective hull of which is 
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Top is closed under the formation of non-empty finite joins (in the lattice of all 
coreflective subcategories of Top) and arbitrary non-empty intersections. 

1. Preliminaries 

We recall some known facts about coreflective subcategories of the category 
Top of topological spaces (see [6]). All subcategories are supposed to be full and 
isomorphism-closed. The topological sum is denoted by U. 

Let A be a subcategory of Top. A is coreflective if and only if it is closed under 
the formation of topological sums and quotient spaces. If A is a subcategory of 
Top or a class of topological spaces, then the coreflective hull of A is the smallest 
coreflective subcategory of Top which contains A and we denote it by CH(A). 
CH(A) consists of all quotients of topological sums of spaces that belong to A. If 
B = CH(A), then we say that A generates B and the members of A are called 
generators of B. If B = CH({X }), then B is called simple generated and X is said 
to be a generator of B. We use the notation B = CH(X) in this case. 

Let A be a subcategory of Top and let SA denote the subcategory of Top 
consisting of all subspaces of spaces from A. Then the following result is known 
(see [HI Remark 2.4.4(5)] or [3, Proposition 3.1]). 

Proposition 1.1. If A. is a coreflective subcategory of Top, then SA is also a 
coreflective subcategory of Top. (SA is the hereditary coreflective hull of A.) 

By FG we denote the category of all finitely generated spaces. It is well known 
(see e.g. [6]) that if X is not finitely generated, then FG C CH(X). 

We say that a subcategory A of Top is hereditary if with each topological space 
X it contains also all its subspaces. It is well known that the category of all 
finitely generated spaces and all its subcategories that are coreflective in Top are 
hereditary. 

Some known hereditary coreflective subcategories of Top are Gen(a) and Top(a), 
where a is an infinite cardinal. Gen(a) is the subcategory of all spaces having tight- 
ness not exceeding a. Top(a) is the category of all topological spaces such that 
the intersection of every family of open sets, which has cardinality less than a, is 
an open set. 

Let A be a topological space. We say that A is a prime space if it has precisely 
one accumulation point. The following assertion is obvious. 

Lemma 1.2. Let X be a prime space with an accumulation point a and let Y be a 
subspace of X containing the point a, then the map f : X —> Y , defined by f{x) = x 
for x G Y and f(x) — a for x G X \ Y , is a quotient map. 

Given a topological space X and a point a G X, denote by X a the space con- 
structed by making each point, other than a, isolated with a retaining its original 
neighborhoods. (I.e. a subset U C X is open in X a if and only if a £ U or there 
exists an open subset V of X such that a G V C U .) The topological space X a is 
called prime factor of X at the point a. It is clear that any prime factor is either a 
prime space or a discrete space. 

Proposition 1.3 (pH Proposition 3.5]). If A is a hereditary coreflective subcategory 
of Top with FG C A, then for each X G A and each a G X the prime factor X a 
of X at a belongs to A. 
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Let A be a prime space with an accumulation point a. A subspace B of A is said 
to be a prime subspace of A if B is a prime space (i.e. a £ B and B \ {a} 3 a). 

Lemma 1.4. Let (Ai;i £ I) be a family of prime spaces and let ai £ Ai be an 
accumulation point of Ai for i £ / . A topological space X belongs to GH({Ai; i £ /}) 
if and only if for every non-closed subset M of X there exists i £ / , a prime subspace 
B of Ai and a continuous map f ' : B — > X such that f[B\{ai}] C M and f(ai) ^ M . 

Proof. Let B C Top be the class of all topological spaces satisfying the given 
condition. First we show that B is a coreflective subcategory of Top. It is evident 
that B is closed under the formation of topological sums. Now let X £ B and 
q: X — > Y be a quotient map. Let M be a non-closed subset of Y. Then g _1 [M] 
is a non-closed subset of X, X £ B, so that there exists i £ /, a prime subspace 
B of Ai and a continuous map g: B — >■ X such that g[B \ {ai}] C g _1 [M] and 
g(di) £ q-^M}. Then for / = q o g: B ->• X we get f[B \ {aj] C M and 
f(ai) M . Hence, Y £ B and B is a coreflective subcategory of Top. 

Since evidently Ai £ B for each i 6 /, we have CH({^4j;z £ J}) C B. To prove 
the reverse inclusion we construct a quotient map from a sum of subspaces of Ai to 
arbitrary space X £ B. (Every subspace of Ai belongs to CH(Ai) by Lemma fL2l ) 

Let X £ B. Let fj : Bj — > X , j £ J, be the family of all continuous maps such 
that Bj is a prime subspace of some A i: i £ /. Let D(X) be the discrete space on 
the set X and idjf : D(X) — >• X be the identity map. It is easy to check that the 
map / : D{X)U (Wje.J ^j) X given by the maps idx and fj,j £ J, is a quotient 
map. □ 

Cardinals are initial ordinals where each ordinal is the (well-ordered) set of its 
predecessors. We denote the class of all ordinals by ON. If a is a cardinal, then by 
a + we denote the cardinal which is a successor of a. A net in a topological space 
defined on an ordinal a we call an a-sequence. 

From now on we assume that A is a prime space with an accumulation point a 
which is not finitely generated and the tightness of the space A is t(A) = a. 

2. Closure operator describing CH(A) 

The notion of sequential closure was used in [5] when studying sequential and 
subsequential spaces. Now we introduce a corresponding closure operator for the 
subcategory CH(A). 

Let X be an arbitrary space and M C X. The set Mi — {x £ X : there exists a 
prime subspace B of A and a continuous map / : B — > X such that f[B\ {a}] C M 
and f(a) = x} is called the A-closure of M . Using transfmite induction we can 
define the set Mg (the /3-th A-closure of M) for each ordinal /3 as follows. Mq = M, 
Mp + i = (Mp)i for each ordinal j3 and M 1 — U^< 7 -^8 f° r each limit ordinal 7 > 0. 

PutM = |J^ON^- 

Evidently (M) x M. M M. It is also clear that Mp C M 7 holds for f3 < 7. 
IfACBCI, then A C Bp for each ordinal /3 and A C B. If Mp = Mp +1 for 
some ordinal /3, then M = Mp. 

The following proposition characterizes the spaces belonging to CH(^4) using the 
closure operator M t-> M. It is a special case of [8j Theorem 3.1.7] which includes 
more general cases of closure operators. 
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Proposition 2.1. A topological space X belongs to CH(A) if and only if M = M 
for every subset M C X . 

Proof. Let X £ CH(A) and M C X. Then (M)i \ M = 0, so that by LemmaQ 
M is closed and M = M. 

Conversely, if M = M for each M C X and M is non-closed, then M\ \ M =/= 
and there exists a prime subspace B of A and a continuous map / : B — > X such 
that /[-B \ {a}] C M and /(a) ^ M. Hence, according to Lemma 11.41 we conclude 
that X e CH(A). □ 

Proposition 2.2. Let A be a prime space with an accumulation point a, X £ 
CH(A) and a = t(A). Then for every subset M C X it holds M a + = M. 

Proof. If suffices to prove that (M a + ) i = M a + . Let c £ (M a + ) i . Then there exists 
a prime subspace B of A and a continuous map f:B^X with /(a) = c and 
/[£? \ {a}] C M a +. Since i(A) = a and a £ B\ {a}, there exists C C B \ {a} with 
cardC < a such that a £ C. The subspace J5i = CU {a} of A is a prime subspace, 
: -Bi — >• X is continuous and /|_Bi[C] Q M a +. 
For each x £ C choose f3 x < a + such that x £ Mp m (a + is a limit ordinal) . Since 
cardC < a < a + and a + is a regular cardinal we obtain that 7 = sup{(3 x ,x £ 
C} < a+. Then C C M 7 and, obviously, = /(a) = c e M 7+J C M a+ . 

Thus, (M a +)i C M Q +. □ 

3. A-SUM 

The notion of A-sum is a special case of the brush defined in [8] and a general- 
ization of the sequential sum introduced in [5] . The sequential sum was used in [S] 
for constructing the set of "canonical" prime spaces which generates the category 
of subsequential spaces. The notion of the A-sum will be used in a similar way to 
produce the set of special prime spaces that generates SCH(A). 

Definition 3.1. Let A be a prime space with an accumulation point a £ A. Let 
us denote B := A \ {a}. Let for each b £ B Xj, be a topological space and 
Xb £ Xi,. Then the A-sum J2(Xb,Xb) is the topological space on the set F — 

A 

A u ( U W x ( x b \ i x b})) such that the map (p: A U ( T] X b ) -> F given by 

beB b£B 

ip(x) = x for x £ A, tp(x) = (b, x) for x £ Xb \ {%b} and (p(xb) = b for every b £ B 
is a quotient map. (We assume A and all {b} x Xb to be disjoint.) The map ip will 
be called the defining map of the A-sum. 

Often it will be clear from the context what we mean under A and we will 
abbreviate the notation of the A-sum to ^2(Xb,Xb) orJ2^b- The A-sum is obtained 
simply by identifying every Xb £ Xb with the point b £ A. It is easy to see that 
the subspace <£>[-Xb] is homeomorphic to Xb and A is also a subspace of the A-sum 

J2(Xb,x b ). 

The A-sum is defined using topological sum and quotient map, thus if A is a 
coreflective subcategory of Top and A contains A and all Xb's, then the A-sum 
J2^b belongs to A. 

The following lemma follows easily from the definition of the A-sum. 

Lemma 3.2. A subset U C ^2{Xb, Xb) is open (closed) if and only ifUnA is open 

A 

(closed) in A and U H </?[X>] is open (closed) in <p[Xb] for every b £ B. 
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Let for every b 6 B Xb and Yb be topological spaces, Xb € Xb, yb G H and 
let fb: Xb — > Yb be a function with fb(xb) — yb- Then we can define a map 
/ == Eh- E(Xb,x b ) E(Yb,y b ) by f(b,x) = (b, f b (x)) for x e X b \ {x b } and 

A A 

f(x) — x for x £ A. Let us note that / o ipi\x b — f2\Y b ° fb where <p\ and are 
the defining maps of the A-sums E Xb and E ^b respectively. 
We will need the following simple lemma: 



-> Y be a quotient map, A C Y and let f be one-to-one 
/ _1 [A] A is a quotient map. 



Lemma 3.3. Let f : X - 

outside A. Then f\f-i[A] ■ 

Lemma 3.4. Let A be a prime space with an accumulation point a and B = A\{a}. 
Let for every b G B fb'. Xb — > Yb be a map between topological spaces, Xb G Xb, 
y b £ Y b and f b (x b ) = yb- 

(i) If all fb 's are continuous, then ^ is continuous. 

(ii) If all fb 's are quotient maps, then E fb is a quotient map. 

(iii) If all fb 's are embeddings, then E fb is an embedding. 

(iv) // all fb 's are homeomorphisms, then Y)fb is a homeomorphism. 

(v) Let C be a prime subspace of A. Then E(Xb, Xb) is a subspace of the space 

c 

Y,{Xb,Xb). 



Proof. Put / — J2 h and let <px, f2 be the defining maps of the A-sums Yl{Xb, Xb), 
Y^(Yb,yb) respectively. Let us denote id a U (U&es fb) by h. In this situation the 
following diagram commutes. 



Au(ux b ) 



E(X b ,x b ) 



Au(UY b ) 



f 



The validity of (i) and (ii) follows easily from the fact that tp 1 and ip% are quotient 
maps. 

(iii) Now, suppose that all fb's are embeddings. W.l.o.g. we can assume that 
Xb C Yb and fb is the inclusion of Xb into Yb for every b G B. Let X' be the 
subspace of the space E^b on the set EXb- We have the following situation: 



Au(Ux b )( 



Au(UYb) 



En 



X' 



We only need to prove that X' has the quotient topology with respect to ipi , because 
this implies that X' = X b and / is an embedding of X' = ^ %b to ^Fj,. But 
(fi2 is one-to-one outside the set A U (]J Xb) and Lemma 13.31 implies that ip\ is a 
quotient map. 

(iv) It is an easy consequence of (ii) and (iii). (v) It follows easily from the 
definition of the A-sum. □ 



Corollary 3.5. Let A be a prime space with an accumulation point a and let C 
be a prime subspace of A. Let for every b G A \ {a} Xb be a topological space and 
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Xh € Xt ■ Let for every b € C Yb be a subspace of Xb such that Xb G Yb- Then 

^2(Yb,Xb) is a subspace of the space J2(Xb, Xb)- 
c A 

Let us note, that if for every b G A \ {a} fb is an embedding which maps 
isolated points of Xb to isolated points of Yb, then the embedding Yl fb has the 
same property. 

4. The sets TS-,, TSS 7 

In this section we construct the set of special prime spaces that generates SCH(yl) 
(where A is a prime space which is not finitely generated and t(A) = a). We start 
with defining the set TS 7 of topological spaces for each ordinal 7 < a + . 

Let TSo = and TSi be the set of all prime subspaces of A. 

If (3 > 1 is an ordinal, then TSp+i consists of all £?-sums ^2(Xb,Xb) where B is 

B 

a prime subspace of A, each Xb G TSp and Xb = a. 
If 7 > is a limit ordinal, then TS 1 = U/3< 7 TSp. 

Sometimes, if we want to emphasize which prime space A is used to construct 
this set, we use the notation TSj(A). 

Every space belonging to T<S 7 contains B as a subspace and therefore it contains 
a. All spaces from TS 1 are constructed from A using B-sums, where B G CR(A), 
thus TS 7 C CH(A) for each 7. 

The following lemma is a generalization of Lemma 6.2]. 

Lemma 4.1. Let X be a topological space and M C X . If p £ \ M 1 for any 

7 < P, then there exists a space S G TSp and a continuous map f : S —> X, which 
maps all isolated points of S into M and maps only the point a to p. 

Proof. For f3 = 1 the claim follows from the definition of Mi . 

From the definition of Mp it follows that (3 is a non-limit ordinal. According to 
Proposition 12.21 /3 < a + . Suppose the assertion is true for any subset K oi X and 
for any (3' < (3. 

For a non-limit f3 > 1 there exists a prime subspace B of A and a continuous 
map f : B X such that f(a) = p and f[B \ {a}} C Mp-i. 

If /3 — 1 is non-limit, we can moreover assume that f[B\ {a}] C M^-i \ Af^_2- 
(If necessary, we choose B' = {b e B : f(b) e Mp-i \ Af/3„ 2 } and /' = f\ B ,. B' is 
a prime subspace of A, otherwise we get x £ Mp_x.) 

If j3 — 1 is a limit ordinal, then for each point x € M^-i there exists the smallest 
ordinal 7 < (3 — 1 such that a; 6 M 7 . Obviously, 7 is a non-limit ordinal. 

Thus for each x G f[B \ {a}] there exists a continuous map f x : S x — > A, where 
S x G TSp-i, which sends all isolated points of S x into M and a to x. 

TheriJ2(Sf(b),a<) G TS 1 ^ and we can define a map 5 : J2(S f(b)i a ) A such that 

B B 

g\ B = f and g\{ x } X (S x \{a}){ x ,y) = fx(y) for y G S x \ {a}. Clearly, g maps isolated 
points into M. It remains only to show that g is continuous. 

The defining map ip: B U (U&e-B\{a} Sf(b)) 12(Sf(b)i a ) is a quotient map. 
Thus, g: ^2(Sf(b), a) — > X is continuous if and only if g o ip is continuous. But 
g *p\b = f and g o tpls^ = fx are continuous, thus g is continuous. □ 

For any S G TW 7 we denote by P(S) the subspace of the space S which consists 
of all isolated points of S and of the point a. Clearly, P(S) is a prime space. We 
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denote by TSS^ the set of all spaces P(S) where S £ TS 1 . The above lemma 
implies: 

Lemma 4.2. If p £ M@ and p M 7 for any 7 < j3, then there exists a space 
T £ TSS/s and a continuous map f : T — > X , which maps all isolated points of the 
space T into M and such that /(a) = p. 

Proposition 4.3. SCH(yl) is generated by the set (J TSS 1 . 

7<a~*~ 

Proof. Let X £ SCH(A). According to Lemma [L4l it suffices to prove that for any 
subset M C X and any x £ M \ M there exists T £ (J TSS 7 and a continuous 

7<a+ 

map f:T^X such that f{a) = x and f[T \ {a}} C M. 

Since X G SCH(A) there exists Y £ CH(A) such that X is a subspace of Y\ 
Denote by M Y the closure of M in 7. Then M = M Y n X and a; G M y \ 
M in Y. By Proposition EH M r = M a + = \J Mp. Let /? be the smallest 

/3<a+ 

ordinal with a; G Mp. Then /3 > and for any 7 < j3 x ^ M 7 . By Lemma 
14.11 there exists S G TSp and a continuous map f:S^Y with /(a) = x and 
/(c) G M for any isolated point of S. Then P(S) £ TSS-y and f[P(S)} C X. 
Hence, /|p(s) : -P(S') X is a continuous map satisfying the required conditions. 
Consequently, X £ CH( (J TSS^). □ 

7<a+ 

Remark 4.4. It can be easily seen that if we define the sets T'S 1 , 7 < a + , 
similarly as the sets TS 1 but we use only the A-sums (and not all B-sums for 
prime subspaces B of A) and then we put T'SS 1 — {P{S) : S £ T"5 7 } we obtain 
the set (J T'SS~f which also generates SCH(vl). This follows from the fact that 

7<q+ 

any space from (J TSS-y is a prime subspace of some space from (J T'SSj. 

7<q+ 7<q+ 

Similarly, if we put T'SSL = {S a ■ S £ T'Sy} (S a is the prime factor of S at a), 
then the set [j T'SS^ generates SCH(A) because [j T'SS' 7 C SCH(A) and for 

7<q+ 7<q+ 

every S 6 U T'Sy P(5) is a subspace of S a . 

7<a+ 

5. The spaces A u and 

The space A u is defined similarly as S^ in [5] using the A-sum and the space 

A instead of the sequential sum and the space C(vq). We start with defining the 

space A n for each n £ N putting A\ = A and A n+ i = ^](A n ,a). Clearly, A\ is 

A 

a subspace of A2 and if A n -\ is a subspace of A n , then, according to Lemma |3.4[ 
A n = ^2(A n -i,a) is a subspace of A n +i = ^2(A n ,a). Hence, A n is a subspace of 

A A 

A n +i for each n £ N. 

The Figured] represents the space A3 for A = C(ojq). (The space C(wo) is defined 
in Example 15. 71 ) 

The space A u is a topological space defined on the set UneN ^« such that a 
subset U of U„ e N ^ 

n is open in Aqj if and only if U f] A n is open in A n for every 
n £ N. It is obvious that for every n G N the space A n is a subspace of and A^ 
is a quotient space of the topological sum U„ eN Ai- Consequently, A^ belongs to 
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(0,2) 
(0,1) 
(0,0). 

(1,0,2)/ 

Figure 1. The space A 3 for A = C(uj ) 



CH(A). Observe that A^ can be considered as an inductive limit of its subspaces 
A n , n £ N. 

Similarly as the space Su in [2] the space A^ has the following important prop- 
erty. 

Proposition 5.1. A w = YKA u ,a) 

A 

Proof. Put X = Y^,(A U) a). For each n £ A the space A n is a subspace of A w and it 

A 

follows that A n+ i = ^2(A n , a) is a subspace of X (Xemma l3.4p . Obviously, A = A\ 

A 

is also a subspace of X and we obtain that for each n £ N A n is a subspace of X. 
Clearly, X = |J A n . To finish the proof it suffices to check that if U is a subset of 

n£N 

X and U fl A„ is open in A„ for each n £ N, then ?7 is open in X. 

Let us denote by A h n the subspace of X on the set {b} U ({6} x (A„ \ {a})) 
and by A^ the subspace of X on the set {b} U ({5} x (A u \ {a})). Clearly, A n is 
homeomorphic to A n and A^ is homeomorphic to A u , A b n is a subspace of A* and 
a subset V of A* is open in A^ if and only if V C\ A n is open in A b n for each tieE 

If U C X and £/ n A n is open in A n for all ro € N, then U D A is open in A and 
£/ fl A n+1 is open in A n+1 = J2(A n ,a) for all n e N. Then U H A^ is open in A* 

A 

for each n £ N and 6 G A \ {a} and it follows that U fl A* is open in A* for each 
b £ A \ {a}. Hence, U is open in X. □ 

The following lemma is evident. 
Lemma 5.2. cardA u = card A 

Lemma 5.3. For every ordinal 7, 1 < 7 < a + and every space S £ T5 7 the space 
S is a subspace of A w . ( Clearly, the point a of S coincides with the point a of A u .) 

Proof. If 7 = 1, then S — B is a prime subspace of A = A\. Let 7 be an ordinal, 
1 < 7 < a + and the assertion hold for every ordinal /3, 1 < f3 < 7. If S = £ 

B 

TS-y, then for each b £ B \ {a} Xj, £ TSp b with 1 < /3& < 7. Hence, for each 
b £ B\ {a}, X b is a subspace of A w and, according to Corollarv l3.5l S is a subspace 
of A u =Y,(A u! ,a). □ 

A 

Theorem 5.4. Le£ (A w ) a &e the prime factor of the space A u at a. Then (A w ) a is 
a prime space, CH((A w ) a ) = SCH(A) and card(A w ) a = card A. 
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Proof. Evidently, (A w ) a is a prime space and card(A w ) a = card A. Since A u belongs 
to CH(A) C SCH(A), according to Proposition Q {AJ) a belongs to SCH(A). 
Hence, it suffices to check that (J TSS-y C CR((A u ) a ). 

7<a+ 

Let T G [J T55 7 . Then there exists an ordinal 7, 1 < 7 < a+, and S G TW 7 

7<q + 

such that T = P(S). By Lemma 15.31 5 is a subspace of A u and, clearly, it follows 
that T = P(S) is a subspace of (A w ) a . Consequently, there exists a quotient map 
(A,) a -> T and we obtain that T belongs to CYl({A u ) a ). □ 

Finally, let X be an arbitrary topological space which is not finitely generated 
and {X c , c G Y} be the set of all prime factors of X that are not discrete spaces. 
Denote by Ax the quotient space of the topological sum ]J ({c} x X c ) obtained 

c£Y 

by collapsing all points of the subset {(c, c), c G Y} of the space ]J ({c} x X c ) into 

ceY 

one point a. 

The space Ax is a prime space which is not finitely generated, a is the accumu- 
lation point of Ax, card Ax = cardX and the following statement holds: 

Theorem 5.5. SCH(X) = CH(((Ax)w)a) , ((Ax) u )a is a prime space and caxd((Ax) u )a — 
card X . 

Proof. Evidently, A x G SCH(X), X G CR(A X ) and therefore SCH(X) = SCR(A X ). 
According to Theorem 15.41 SCHf A y ) = GH(((Aj) u ) ), ((ix) u ) a is a prime space 
and card((Ax)w) Q = card Ax = cardX. □ 

Recall, that a topological space X belongs to Top(wi) if and only if every count- 
able intersection of open subsets of X is open in X and Top(wi) is a heredi- 
tary coreflective subcategory of Top. If the space A belongs to Top(wi), then 
SCH(A) C Top(wi) and we can find smaller (and simpler) set of generators of 
SCH(A) than the set U 7 < Q + TSS 7 (A) constructed in Proposition [4731 

Proposition 5.6. If A G Tbp(wi), then SCH(A) = CH({P(A„);0 < n < uj q }). 

Proof. It suffices to show that (A w ) a G CH({P(A n ); n < uj }). Clearly, each P(A n ) 
is a subspace of (A u ) a . Denote by i n : P(A n ) ^4 (A w ) a the corresponding embed- 
ding and by /: ]J P(A n ) — > (A u ) a the continuous map given by the maps i n , 

n£N 

n G N. It is easy to see that this map is surjective. We claim that / is also a 
quotient map. 

It suffices to show that if a G U C (A u ) a and U fl P{A n ) is open in P(A n ) 
for each n, < n < ujq, then U is open in (A u ) a . Since P(A n ) is a subspace of 
A u , there exists an open subset W n of A^ such that W n n P{A n ) = U n P(A n ). 
Put W = flo<n<wo ^n- The set IV is open in A^ since A w belongs to Top(wi). 
We have W D P(A n ) CUD P{A n ) and Uo<n<w P ( A «) = therefore W C 17. 
Obviously, a eW. Hence, the set ?7 is open in (A w ) a . □ 

Next we present some special cases of our construction. 

Example 5.7. Sequential spaces. Recall that subspaces of sequential spaces are 
called subsequential. The category Seq of sequential spaces is the coreflective 
hull of the space C(u>o)- The space C(luq) is the topological space on the set 
ujq + 1 = ujq U {loq} such that all points of ujq are isolated and a set containing ojq is 
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open if and only if its complement is finite. (Equivalently, the topology of C(u)q) is 
the order topology given by the usual well-ordering of ujq + 1.) The space C^q)^ is 
homeomorphic to defined in [5] . Our results imply that the prime factor of the 
space C(wo) w at ojq is a generator of the category of subsequential spaces. Another 
countable generator of this category was constructed before in [5] . 

Example 5.8. The coreflective hull of the space C{a). Let a be a regular cardinal 
and C(a) be the topological space on the set a + 1 = a U {a} such that all points 
of a are isolated and a set containing a is open if and only if its complement has 
cardinality less than a. It is well known that X belongs to CH(C(a)) if and only 
if a subset V C X is closed in X whenever for each a-sequence of points from V 
the set V contains also all limits of this a-sequence. The subcategories SCH(C(a)) 
are minimal elements of the collection of all hereditary coreflective subcategories 
of Top above FG. We use the subcategories SCH(C(a)) in the next section. Our 
construction yields the generator (C(a) w ) Q of SCH(C(a)) which has cardinality a. 

6. Subcategories of Top having FG as their hereditary coreflective 

KERNEL 

Recall that a hereditary coreflective kernel of a subcategory A of Top is the 
largest hereditary coreflective subcategory of Top contained in A. We denote it by 
HCK(A). In this section we prove that if A and B are coreflective subcategories 
of Top such that HCK(A) = HCK(B) = FG, then also HCK(CH(A U B)) = FG. 
The analogous result does not hold for infinite countable joins of coreflective sub- 
categories. This problem is closely related to the subcategories SCH(C(a)) because 
(see [3l Theorem 4.8]) FG is the hereditary coreflective kernel of a coreflective sub- 
category A of Top if and only if FG C A and for any regular cardinal a the 
category SCH(C(a)) is not contained in A. 

In pj Problem 7] H. Herrlich and M. Husek suggest to study coreflective subcat- 
egories of Top such that their hereditary coreflective hull is the whole category Top 
(i.e. SA = Top) and their hereditary coreflective kernel is the subcategory FG. In 
the paper [9] it is shown that there exists the smallest such subcategory of Top and 
the collection of all such subcategories of Top is closed under the formation of ar- 
bitrary non-empty intersections. In this section we prove that this collection is also 
closed under the formation of non-empty finite joins without being closed under the 
formation of infinite countable joins in the lattice of all coreflective subcategories 
of Top. 

Throughout this section we will apply the results obtained in preceding sections 
to prime spaces C(a), a being a regular cardinal, defined in Example 15.81 Note 
that a is an accumulation point of C(a) and t(C{a)) — a for any regular cardinal 
a. Since any prime subspace of C(a) is homeomorphic to C(a) it suffices to use 
only C(a)-sums in the definition of TS 7 . For instance, if n is a natural number, 
then TS n as well as TSS n contain precisely one space. 

In order to prove the main result of this section, we first prove that if SCH(C(a)) C 
CH(A U B) for some coreflective subcategories A, B of Top, then one of these sub- 
categories contains SCH(C(a)). We show it separately for the case a = luq and 
a > 

We start with the case a = ujq where we can use some results presented in the 
paper [5]. As the sets TSS 7 , 7 < uix, introduced in [5] do not coincide with the sets 
TSSy(C(u> )) defined in Section 4 we denote the sets used in [5] by T S S'^C (oj q )) . 
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The next lemma follows from [U Theorem 7.1], resp. Corollary 7.2]. 

Lemma 6.1. The category SSeq = SCH(C(w )) of subsequential spaces is the 
coreflective hull of the set [J 1<ull TSS'^Cfao)). 

As a consequence of Theorem 7.1] and [5} Theorem 6.4] we obtain: 

Lemma 6.2. If [3 < 7 < u u then TSS' p (C(u Q )) C CR(TSS'^C(uo)))' 

The following result concludes the part of this section concerning the subcategory 
SCH(C*M). 

Proposition 6.3. If SCH(C(tJo)) S CH(lJ ieJ Ai), Aj is a coreflective subcate- 
gory of Top /or every i £ I and card/ < ujq, then there exists io £ I such that 
SCH(C(cj )) C A io . 

Proof. Put ft = sup{/3 : T S S'p(C (uj )) £ A,} for i e J. Since sup ft = wi (Lemma 
16. ip and uj\ is a regular cardinal, there exists io £ I such that ft = u\. By 
Lemma T6. 11 and Lemma T6. 2 1 we get that the coreflective subcategory Aj contains 
the subcategory SSeq = SCH(C(w )). □ 

Next we want to prove a result analogous to Proposition 16 .31 for the space C(a), 
where a > u>± is a regular cardinal. In the case a > u>i the desired result holds only 
for non-empty finite joins of coreflective subcategories of Top. 

Recall that C(a)i — C(a) and C(a) n +i — {C(a) n ,a). According to Corol- 

C(a) 

larv 13.51 we obtain that P(C(a) n +i) = P{ J2 (-P(C( a )n)7 a )) an d it is easy to see 

C(q) 

that a n+1 U {a} is the underlying set of the space P(C(a) n+ i) and the subspace 
of P(C(a)n) on the set {77} U ({?/} x a n ) is homeomorphic to P(C(a) n ) for each 
77 < a. To simplify the notation we will write C(a)~ instead of P(C(a) n ). 
The following result is a special case of Proposition 15.61 

Proposition 6.4. If a > u)\ is a regular cardinal, then SCH(C(a)) = CH({C(a)~; < 
n < uj }). 

Lemma 6.5. Let a > uj\ be a regular cardinal. If M is a subset of C(a) n such that 
a 6 M and M contains only isolated points of C{a) n , then there exists a subset 
M C M such that the subspace of the space C{a) n on the set M' is homeomorphic 
to C(a) n . 

Proof. The case n = 1 is clear. Let the assertion be true for m. Denote the subspace 
of C(a) m+1 = C(a) m on the set {77} U ({r/} x (C(a) m \ {a})), where 77 < a, by 

C(a) 

C(ar m . _ 

Put B = MDC(a). Then B is a prime subspace of C(a), for each rj £ B\{a} all 
points of the set M v = M n C(a) 7 L l are isolated in the space C(a) 7 / n and 77 £ M v in 
C(a)^ n (observe that M n in C(a)^ coincides with M n in C(a) m+ \ because C{a) r } n 
is closed in C(a) m +i). Since C(a)^, is homeomorphic to C(a) m by the induction 
assumption we obtain that there exists a subset C M v such that 77 £ M' and 
the subspace M' of C(a)^ is homeomorphic to some space C(a) m . 

Let B' — B \ {a} and M' = {J M' 7y Clearly M' £M,W = {J M^U {a} in 

S 1 and M' is homeomorphic to C{a) m for each 77 £ B' . 



12 



MARTIN SLEZIAK 



The subspace B of C(a) is homeomorphic to C(a) and it is easy to check that 
M ' is homeomorphic to ^ C(a) m = C(a) m+ i. □ 

Corollary 6.6. Let a> u)\ be a regular cardinal, < n < ujq. Then every prime 
subspace T of C(a)~ is homeomorphic to C(a)~. 

Proof. Put M — T \ {a}. Clearly, a £ M. According to Lemma T6.5I there exists 
a subset M' of M such that the subspace M' U {a} of C{a)~ is homeomorphic 
to C(a)~. It follows from the proof of Lemma 16.51 that M \ M' is a discrete 
clopen subspace of C(a)~ with cardinality at most a. Hence, T — M U {a} is 
homeomorphic to C{a)~ as well. □ 

Proposition 6.7. Let a > u>i be a regular cardinal and < n < ujq. If C(a)~ £ 
CH( U ieI Aj), where all Aj 's are coreflective subcategories of Top, f/ien £/iere exists 
io G / smc/i i/iai C( a )n G Aj . 

Proof. The space C(a)~ is a prime space with an accumulation point a. If C(a)~ £ 
CH( Uj GJ Aj), then there exists a quotient map /: TJ £>; — > C(ce)~, where 

belongs to Aj for each i E I. Put /j = and let ^ be the space on the set 
/i[.Bj] endowed with the quotient topology with respect to fi for each i € I. 

The topology of every space Ai is finer than the topology of the corresponding 
subspace of C(a)~ and it follows that Ai is either discrete or prime space. Clearly, 
a set U C C(a)~ is open in C(a)~ if and only if U HAi is open in Ai for each i g I 
and A; € A,. Obviously, there exists io £ I such that a is an accumulation point 
of A io (otherwise a would be isolated in C(a)~). 

We show that C(a)~ £ CH(Aj ). Let M be a non-closed subset of C(a)~. It 
suffices to find a continuous map /: Ai — > C(a)~ such that f[Ai \ {a}] C M 
and /(a) = a. According to Corollary 16.61 the subspace on the set M U {a} 
is homeomorphic to C(pt)~. Let us denote the homeomorphism from C(a)~ to 
M U {a} by g. Moreover, there is a continuous map i: Ai — > C(a)~ defined by 
i(x) = x for each x £ Ai . The desired continuous map is / = g o %. □ 

If X and Y are prime spaces, then a continuous map / : X — > Y" is called a prime 
map if it maps only the accumulation point of X to the accumulation point of Y. 

Lemma 6.8. Let a > u>i be a regular cardinal and < m < n < ojq. There exists 
a quotient prime map g: C(a)~ — > C(a)~ . 

Proof. Obviously, it suffices to prove the lemma for n = m + 1. In this case 
C(a)~ +1 = P(J2 C( a )m) is a topological space on the set {a} U a m+1 and C(a)~ 
is a topological space on the set {«}Ua m . We define a map g: C(a) m+1 — > C(a)~ 
by g{a) = a and g((r],x)) — x for all (r),x) £ C(a) m+1 \ {a}. It is easy to check 
that the map g is continuous and quotient. □ 

Corollary 6.9. If a > u>i is a regular cardinal and < m < n < ljq, then 
C(a)~ £ CH(C(a)"). 

Proposition 6.10. If a is a regular cardinal and SCH(C(a)) C CH(AUB), then 
SCH(C(a)) C CH(A) or SCH(C(a)) C CH(B). 

Proof. Since the case a = ujq follows immediately from Proposition 16.31 we can 
assume that a > u\. 
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By Proposition 16.71 for each n, < n < ljq, the space C(a)~ belongs either to 
A or to B. By Lemma \6. 81 we have a quotient map /: C(a)~ — > C(a)~ for each 
n > m. Hence, one of these two coreflective categories contains all spaces C(a)~ 
and, consequently, it contains SCH(C(a)). □ 

Now we can state the main result of this section. 

Theorem 6.11. If A, B are coreflective subcategories of the category Top and 
HCK(A) = HCK(B) = FG, then HCK(CH(A U B)) = FG. 

Proof. Suppose the contrary. Then according to [3J Theorem 4.8] there exists a 
regular cardinal a with SCH(C(a)) C CH(A U B). Proposition 16.101 implies that 
SCH(C(a)) C A or SCH(C(a)) C B, contradicting the assumption that the hered- 
itary coreflective kernel of both these categories is FG. □ 

Let C be the conglomerate of all coreflective subcategories of Top. It is well 
known that C partially ordered by C is a complete lattice. Denote by K, the con- 
glomerate of all coreflective subcategories A of Top with HCK(A) = FG. The 
above theorem says that /C is closed under the formation of non-empty finite joins 
in C. We next show that /C fails to be closed under the formation of infinite count- 
able joins in C. In the concrete we prove that if a > lo\ is a regular cardinal, then 
all categories CH(C(a)~) belong to JC. According to Proposition 16 .41 the category 
SCH(C(a)) is the join of this family in C and, evidently, SCH(C(a)) £ K. The 
proof is divided into three auxiliary lemmas. 

Lemma 6.12. let a > u>\ be a regular cardinal and 2 < n < ljq. If there exists 
a prime map f: C{a)~ — > C(a)~ +1 , then there exists a prime map /': C(a)~ — > 
C(a)~ +1 such that /'[{£} x a"" 1 ] n ({J^M x a n ) = for each £ < a. 

Proof. Let /: C(a)~ — > C(a)~ +1 be a prime map. Denote by the subspace 
of X)C( a )ri-i on the set {£} U ({£} x a™^ 1 ) where £ < a. The subspace is 
homeomorphic to C(a)~_ 1 . 

For each £ < a the set / _1 [{a} U ({J^y^iv} x «")] is open in C(a)~, therefore 
there exists an ordinal 7 < a such that for each 7' > 7 the set {7'}U(/ _1 [U r) >j{»?}x 
a n ] HBji) is open in B^i . Hence, we can define an increasing sequence (7{){<a such 
that Q := {7au(/- 1 [U,> c {^}xa"]nB 75 ) is open in . Clearly, /[Q\{ 7 J] C 

According to Corollary 16.61 the subspace of i? 75 on the set C{ is homeomorphic 
to C(a)^_ 1 . Hence, for each £ < a we can define an embedding h$: C(a)^ n _ 1 
Yl C(ct)~_ 1 such that h^[C(a)~_ 1 ] = C^. It is easy to see that the map h : ^C{oi)~_ 1 
J^C(a)^_ 1 given by h(£) = 7 £ for each £ < a, h(a) — a and h(£,x) = h^(x) 
for each £ < a and x £ a™ -1 is also an embedding. Put = {£} x a™ -1 
(A e C B C ). Then h[A e ] C h t [C{a)-_ x ] = Q and f[h{A t }} C f[C ( \ { 7f }] C 
Ur;>{{^} x a "- Consequently, / o h[A^\ PI (U^<^{ 7 ?} x a ™) = an d the prime 
map /' = / o (h\ c , a \-) : C(a)~ — > C(a)~ +1 is a prime map satisfying the required 
condition. □ 

Lemma 6.13. Let a > uj\ be a regular cardinal and < n < ujq. Then there exists 
no prime map from C(a)~ to C(a)~ +1 . 
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Proof. First let n = 1. For each 7 < a the set {7} x a is closed in C(a)^~. 
Consequently, / _1 [{7} xa] is closed in C(a), hence it contains less than a points and 
there exists a set f/ 7 C a with card(a\[/ 7 ) < a such that ({7} x f/ 7 )n/[C(a)] = 0. 

Thus, W — {a} U ^U 7 <q{7} x ^7) i s an open neighborhood of a in C(a)2 such 

that Z -1 ^] = {a} and this contradicts the continuity of /. 

Let n > 1 and the lemma hold for n — 1. Suppose that there exists a prime 
map /: C(a)~ — >• C(a)~ +1 . By Lemma 16.121 we can assume w.l.o.g. that /[{£} x 
a™" 1 ] n (\J v<c {v} x a") = for each £ < a. 

Recall the definition of the quotient prime map <?: C(a)~ —> C{a)~ n _ 1 from 
Lemma 16.81 The map g is defined by g(a) — a and g(rj,x) = x for rj < a, 
x € a"- 1 . 

Put = {£} x a™" 1 . Let us denote the subspace of J2^( a )n-i on * ne se * 
{£} UA^ = {£} U ({£} x a™ -1 ) by B^ for each £ < a. Clearly, B^ is homeomorphic to 
C(a)~_ 1 . We define a map / s : B s -> C(a)~ +1 by / ? (£) = a and = /(£,x) 

for each x £ a™" 1 . 

The map g ° f^' B^ — > C(a)~ cannot be continuous, otherwise we get a prime 
map from a space homeomorphic to C{a)' n _ 1 to the space C(a)~. Therefore there 
exists an open subset of C(a)~ such that inverse image of this set is not open in 
This set can be written in the form U% U {a}, where a £ U%, and we get that 
the set 

J-VM^ U {a}}} = f-'Ua} U ( |J (M x U<))] = {£} U {B e n |J M X 

7/ < a ?y < a 

is not open in B^. 

Put = n r) <? ^ ^ or £ < a ' ^ e iamn y ^ i s non-increasing and it has the 
same properties as the family C/g. Each U {a} is open in C(a)~, because C(a)~ 
belongs to Top(a) (SCH(C(a)) C Top(a)). The set {^U^n/^lU^Wx^]) 
is not open in i?£ since i?£ is a prime space with an accumulation point £ (and 

U} u (B t n /- 1 [U,<„{»7} x tfl) c {?} u (B 4 n r^U^M * ^d))- 

Finally let us put W = \J c<a {Q x V ( . The set PF U {a} is open in C(a)~ +1 . 
We claim that / _1 [{a} U W] is not open in C(a)~. It suffices to show that {£} U 
(J" 1 [{a} U W] n _B^) is not open in B^ for each £ < a. 

Clearly, B 4 = ^U{£} and we get KM/" 1 [{«}UPF]ni? ? ) = {CM/- 1 HJ TJ<0 {»7} X 
V v ]nAe). We have / [^] n ({j n<( {v} x a"" 1 ) = 0, hence /~ 1 [U„< a M X V^] (lA^ = 
/ _1 [U«>f{ , 7} x K?] n A$ and we obtain 

{£} u (r 1 [{«} u W] n fl € ) = {£} u (r 1 [ |J {77} x v n ] n fl 4 ) c 

»7>€ 

c u (r 1 [ |j x^]n^)c {£} u (r 1 [ y m * ^ n 

The latter set is not open in B^ therefore {£} U (f~ 1 [{&} U VF] n B%) is not open in 
B^ as well. □ 

Lemma 6.14. Let a > uj\be a regular cardinal andO < n < luq. Then HCK(CH(C(a)~)) 
FG. 

Proof. Recall (see [6]) that if 7 > 5, then Top(7) n Gen(<5) = FG. For /3 < 
a we have SCH(C(/3)) C Gen(/3) and C(a)~ e Top(a), hence SCH(C(/3)) ^ 
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CH(C(or)-). Similarly if /3 > a, then SCH(C(/3)) C Top(^) and C{a)~ £ Gen(a). 
Thus, SCH(C(/3)) £ CH(C*(a)-). 

By Lemma 16.131 and Lemma 11.41 C(a)~ +1 £ CH(C(a)^") (every prime sub- 
space of C{a)~ is homeomorphic to C(a)~) and C(a)~ +1 £ SCH(C(a)), therefore 
SCH(C(a)) g CH(C(a)" +1 ) as well. □ 

Denote by £ the collection of all corcflcctivc subcategories A of Top such that 
SA = Top and HCK(A) = FG. In the paper [5] it is shown that C has the smallest 
element Ao = CH({S a ;a is a cardinal}), where S is the Sierpihski doubleton, and 
C is closed under the formation of arbitrary non-empty intersections. This together 
with Theorem 16.111 yields : 

Theorem 6.15. The collection C is closed under the formation of non-empty in- 
tersections, non-empty finite joins in C and has the smallest element. 

Proposition 6.16. There is no maximal coreflective subcategory A of Top such 
that HCK(A) = FG. Consequently, the collection C has no maximal element. 

Proof. Suppose that A is maximal coreflective subcategory of Top with the prop- 
erty HCK(A) = FG. Let a > lu\ be a regular cardinal. According to Lemma 
[01 and Theorem iH]HCK(CH(A U {C(a}-})) = FG for each n, < n < lu . 
Thus, we get C(a)~ £ A for each n and by Proposition 16.41 SCHfCfa)) C A, a 
contradiction. 

The proof that C has no maximal elements is analogous. □ 

The family CH(A U {C(a)~}), < n < Uq, where a > uii is a regular cardinal, 
is an example of a countable family of elements of C such that its join does not 
belong to C. 

Acknowledgement. The author wishes to thank J. Cincura for many helpful 
comments made on earlier drafts of this paper. 

References 

[1] J. Adamek, H. Herrlich, G. Strecker: Abstract and Concrete Categories, Willey-Interscience, 
New York, 1989. 

[2] A. V. ArchangeFskiT, S. P. Franklin: Ordinal invariants for topological spaces, Michigan 

Math. J. 15 (1968), 313-320. 
[3] J. Cincura: Heredity and Coreflective Subcategories of the Category of Topological Spaces, 

Applied Categorical Structures 9 (2001), 131-138. 
[4] R. Engelking: General Topology, PWN, Warsaw, 1977. 

[5] S. P. Franklin, M. Rajagopalan: On subsequcntial spaces, Topology and its Applications 35 
(1990), 1-19. 

[6] H. Herrlich: Topologische Reflexionen und Coreflexionen, Springer Verlag, Berlin, 1968. 
[7] H. Herrlich, M. Husek: Some open categorical problems in Top, Applied Categorical Struc- 
tures 1 (1993), 1-19. 
[8] V. Kannan: Ordinal invariants in topology, Memoirs of AMS 245 (1981). 
[9] M. Sleziak: Subspaces of pseudoradial spaces, Mathematica Slovaca 53 (2003), to appear. 

Department of Algebra and Number Theory, FMFI UK, Mlynska dolina, 842 48 
Bratislava, Slovakia 

E-mail address: sleziakOfmph.uniba.sk 



